Abstract. We give a new invariant characteristic property of Möbius transformations.
1. Introduction. Throughout this paper, we let w = f (z) be a nonconstant meromorphic function in C unless otherwise stated.
We consider the following properties. The following is a well-known principle of circle transformation of Möbius transformations.
Theorem 1.3. w = f (z) satisfies Property 1.1 if and only if w = f (z) is a Möbius transformations.
In [1] , it is shown that Property 1.1 implies Property 1.2 and a new invariant characteristic property of Möbius transformations is given as follows. 
is a quadrilateral on the w-plane which is not self-intersecting, then the only function which satisfies
is a Möbius transformation. 
we have
In Section 3, we prove the following result concerning the mapping property of an analytic and univalent function on a connected domain. 
Lemmas
Definition 2.1. Let f be a complex-valued function. The Schwarzian derivative of f is defined as follows:
Similar to Schwarzian derivative, we have the following.
Definition 2.2. Let f be a complex-valued function. We define the Newton derivative of f as follows: Proof. Let f be a Möbius transformation of the form u/(z + v), u ≠ 0, then it is easily checked that N f (z) = 2. Let f be a complex-valued function such that N f (z) = 2. It follows that
where c 1 is a complex constant, thus
From which it follows by a simple calculation that f is a Möbius transformation of the form u/(z + v), u ≠ 0.
Main result.
In this section, we assume that w = f (z) is analytic and univalent on a nonempty connected domain R on the z-plane such that f (z) ≠ 0 for all z ∈ R.
Proof of Theorem 1.6. Let f (z) be a Möbius transformation of the form u/(z+v), u ≠ 0. Let a, b, and c be arbitrary three distinct points in R such that
We observe that
is the cross-ratio of a, b, c, and d, where d is the point at infinity. Since f (z) = u/(z +v), u ≠ 0, we have f (d) = 0. Since Möbius transformations preserve the crossratio, we obtain
which implies that 
, and f (C) = f (x − y) are distinct points. By assumption, we have
for all y such that 0 < |y| < s. Let
for all y such that 0 < |y| < s. The function h(y) extends analytically at zero by h(0) = −k. Hence, by the maximum modulus principle, we have h(y) = −k for all y with |y| < s. In other words, we have By the identity theorem and Lemma 2.5, we conclude that f is a Möbius transformation of the form u/(z + v), u ≠ 0.
